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We consider a tight-binding model with the nearest-neighbor hopping integrals on the honeycomb lattice in
a magnetic field. Assuming one of the three hopping integrals, which we denote by ¢,, can take a different value
from the two others, we study quantum phase structures controlled by the anisotropy of the honeycomb lattice.
For weak and strong 7, regions, the Hall conductances are calculated algebraically by using the Diophantine
equation. Except for a few specific gaps, we completely determine the Hall conductances in these two regions
including those for subband gaps. In a weak magnetic field, it is found that the weak #, region shows the
unconventional quantization of the Hall conductance, a'xyz—(ez/h)(Zn+ 1) (n=0,*1,=*2,...), near the half
filling, while the strong 1, region shows only the conventional one, o,=—(¢*/h)n (n=0, =1, *2,...). From
the topological nature of the Hall conductance, the existence of gap closing points and quantum phase transi-
tions in the intermediate 7, region is concluded. We also study numerically the quantum phase structure in
detail and find that even when #,=1, namely, in graphene case, the system is in the weak 7, phase except when
the Fermi energy is located near the Van Hove singularity or the lower and upper edges of the spectrum.
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I. INTRODUCTION

The purpose of this paper is to present some arguments
for quantum Hall conductivity on the honeycomb lattice. Re-
cently, quantized Hall effect is observed in graphene, and the
Hall conductivity has been determined to be unconvention-
ally quantized,'?

o2
(rxy=—2(2n+1);. (1)

(The factor 2 comes from the spin degrees of freedom.) This
unusual quantization is relevant when single-particle physics
dominates the behavior of the system,? and it has been con-
sidered as a consequence of the existence of zero modes in
graphene.*~7 In graphene, there exist zero modes in the ab-
sence of a magnetic field due to the honeycomb lattice struc-
ture, and unconventional quantum Hall conductance (1) was
explained by treating these zero modes as Dirac fermions.*>
However, it is not trivial whether the Dirac-fermion argu-
ment is true or not because the Hall conductivity is given by
an integral over the whole Brillouin zone, while the Dirac-
fermion argument takes into account only the zero mode near
the Fermi surface. Actually, it has been known that the logic
of quantum Hall conductivity using the Dirac fermions is not
correct in general.® Furthermore, numerical analyses for the
tight-binding model of graphene have shown that the uncon-
ventional quantization persists up to the Van Hove singular-
ity where the Dirac-fermion argument is no longer valid.’
In this paper, we present an alternative explanation of the
unconventional quantization by wusing the tight-binding
model on the honeycomb lattice. For the tight-binding model
on the honeycomb lattice, the energy spectrum in a magnetic
field was studied in Ref. 10, and some numerical analyses for
the Hall conductance have been done previously.”!'"'> How-
ever no analytical study of the Hall conductance was pre-
sented systematically. Here we obtain the algebraic expres-
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sion of the Hall conductances for almost all gaps including
subband gaps, and we explain why unconventional quantum
Hall effect (1) persists up to the Van Hove singularity.

To obtain the algebraic expression of the Hall conduc-
tances, we study the effects of anisotropy of the hopping
parameters on the honeycomb lattice.!’!3-15 For the square
lattice, as suggested by Aubry-André duality,'® it is known
that none of the gaps closes when we change the ratio of the
hopping parameters, t,/¢,, and this facilitates the calculation
of its Hall conductances.!” For the honeycomb lattice, how-
ever, it will be found that gap closing points appear since
there is no duality. We present here a detailed study of the
(topological) phase structures induced by the anisotropy of
the hopping parameters on the honeycomb lattice and deter-
mine its Hall conductances.

In the following, we describe the quantum Hall effect in
terms of the Diophantine equation. For later convenience we
present a brief derivation of the relation between the Hall
conductance and the Diophantine equation.'® First we use the
Streda formula!®?° for the Hall conductance,

Ip
=—e, 2
Ty==¢ p (2

where p is the electron density and the derivative is to be

taken with the Fermi level fixed inside the gap. Then at the
same time, the Hall conductance is written as!7-2122

Oy =— — I (3)

when the Fermi level is in the rth gap from the bottom,
where ¢, is guaranteed to be an integer given by the Chern
number. Combining them, we have
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ap e
=— 4
JdB h “)

The energy gaps are stable under small perturbation and
therefore persist under slight variation in B. Thus we obtain

const e
+ —Bt,, (5)
(2] h

p:

where v, is the area of a unit cell. (Here const/v, is a con-
stant of integration.) When the flux per unit cell is ®=p/q
(in units of h/e), where p and g are coprime integers and ¢
>, the area of the magnetic Brillouin zone is [(27)%/vyq],
and the density of electrons in a single band is given by
(1/voq). Thus, when there are r bands below the Fermi en-
ergy, the density of electrons is

r

p="". (6)
Uoq

Then Eq. (5) is rewritten as
r=const X q + pt,. (7)

In this equation, r, p, and ¢, are integers, thus const X ¢ must
be an integer. However, since const is independent of ¢, and
q can change when the magnetic field is varied without mak-
ing a point of contact, then const itself must be an integer s,.
Thus we have

r=qs,+ pt,, (8)

which is the Diophantine equation.

The plan of the remainder of the paper is as follows. In
Sec. II, we explain the tight-binding model on the honey-
comb lattice briefly. An anisotropic hopping parameter ¢, is
introduced in the tight-binding model. In Sec. III, the weak 7,
limit is studied. It is shown that the Hall conductances for
almost all gaps including subband ones are determined alge-
braically by using the Diophantine equation. Furthermore, in
a weak magnetic field, unconventional Hall effect (1) is
found to hold for visible gaps. We study the strong 7, limit in
Sec. IV. In this limit, our model on the honeycomb lattice is
shown to reduce to a pair of tight-binding models on the
square lattice. Using this result, we establish an algebraic
rule to determine the Hall conductances in the strong 7, limit.
It is found that the algebraic rule in the strong 7, limit is
different from the one in the weak 7, limit. As a result, only
conventional quantization of the Hall conductance is ob-
tained in this limit. From the differences of the Hall conduc-
tances between the two limits, the existence of the gap clos-
ing points and topological quantum phase transitions in the
intermediate 7, region is concluded. In Sec. V, we study the
topological quantum phase transitions in the intermediate 7,
region in detail. The existence of the gap closing points is
confirmed numerically. In addition, we will find that for
some gaps near the Van Hove singularity at 7,=1 or on the
lower and upper edges of the spectrum, unexpected topologi-
cal quantum phase transitions occur due to accumulation of
gaps in a weak magnetic field. In Sec. VI, we apply our
results to graphene where 7, is given by 1 and determine its
Hall conductance. The unconventional quantization of the
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FIG. 1. (Color online) The honeycomb lattice. Closed and open
circles shows sublattices A and B, respectively. 7, is the hopping
integral of the horizontal bond.

Hall conductance is obtained from our results. It is also ex-
plained naturally why it persists up to the Van Hove singu-
larity. In Sec. VI, we also examine the edge states of
graphene in a weak magnetic field in order to confirm our
results using the bulk-edge correspondence. Finally, in Sec.
VII, we will summarize our results.

II. MODEL

Let us consider the tight-binding model on the honey-
comb lattice with the nearest-neighbor hopping in a magnetic
field; see Fig. 1. We denote wave functions on sublattices A
and B as ¢, ,, and ¢,,,. respectively, then the tight-binding
model is given by

- ¢n+1,m 1~ _lw¢m¢nm+§wnm Elvbnm’

¢n+ I,m+1 ™~

lpn Im—1" ”T(I)mwnm §¢nm E¢nm’ ( )

where a magnetic flux through a unit hexagon is given by ®,
the hopping integrals of the horizontal bonds are ¢,, and
those for the other bonds are 1. Here we have introduced
potentials & on sublattice A and —¢ on sublattice B to remove
a subtle singularity at E=0. We take £—0 in the final stage
of analysis. For simplicity we neglect the spin degrees of
freedom in the following.

- lpn— 1,m+1 —

III. WEAK ¢, PHASE

In this section, we study the weak-coupling limit of the
horizontal bond 7,<< 1. Using the perturbation theory, we de-
rive the Diophantine equation and provide a general rule to
determine the Hall conductances. We also find that uncon-
ventional quantization (1) holds in a weak magnetic field.

A. Weak ¢, perturbation

Let us consider Eq. (9) in the momentum space (Fig. 2).
By performing the Fourier transformation of #, ,, and ¢, ,,.

"= 2 eikxn+ikymu(k)’

bum 2 ethanikymy () (10)

Eq. (9) becomes
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FIG. 2. The first and the second Brillouin zones for ®=0 in the
momentum space defined by Eq. (10). The primitive vectors are
a;=(1,1) and a,=(1,-1) in the space of (n,m), so the generators of
the reciprocal lattice are b;=7(1,1) and b,=7(1,-1).

h(k)[u(kx,ky)} o {u( » y+7r¢>)}

v(ky.ky) v(ky,ky + D)
) u(kx,ky—rr(l))} B {u(k)]
I“U_L(kx,ky—wq)) =k v(k) |’ (n

where h(k) and o. are given by

é A(O)(k)

OV(1Y — _ 7 ik
AOKGR) g ], A®(k) = —2¢"x cos k,

Mmz{
(12)

and

[E - EO(K) + 7®Dm)]a,, (k.k))
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[0 1 00
a'+=_0 O]’ cr_=[1 0] (13)
When 7,=0, Eq. (11) reduces to
(0) (0)
o] e S
then the energies E are found to be
E= =& +4cos’ k[= = EO(k,)], (15)

and the eigenvector with the positive energy, E =E(0)(ky), is

{ ulV(k) ] 1 [ £+ EO(k) 1
(0)(k) \'ZE(O)(ky)[§+ E(O)(ky)] A(())*(k)

(16)

and that with the negative one, E=—E%(k,), is

[ © (k)]_ 1 [ O k) ]
v (k) |~ 2EO (k)£ + EOk,)]LE+ EO k) |
(17)

Here the staggered potential ¢ removes singularities in the
energies, *FE O)(k ), and the eigenvectors at k,=* /2. It
also remedies the singularity of A(k) in Eq. (41) at k,
==+ /2. To solve Eq. (11) in perturbative expansions in
powers of ,, it is convenient to take the basis [u(k),v(k)] as

ulk) | ui‘”(k)} [u“’ (k)]
L(m}‘“(k)[v&“)(m PO oy | 1Y

Substltutm{; this into Eq. (11) and multiplying
[u(o)* (k),v 0)*(k)] to both sides, we obtain

== 1, (U (e KO + Dm0 Ok kD + D (m + 1) The 0 (koK) = 140" (ke K + m)v Ok, &)

+ 7D (m + DB (kD) = 1,00 (ko k) + 70m)uO ek + D (m = 1) e,y (ko k)
— 10 (ko K + TOm)u Ok )+ 7D (m = 1)} B,- (ko kD), (19)

where a,,(k,.k;) and B, (k,.k}) are defined as
(k. K) = alk, k) + 7Dm),

Bk k) = Bk, k) + mPm), (20)

and k° satisfies 0<k0<277/q Here we have used the normalization conditions of the functions [u(o)(k) v(o)(k)] and
y

[u (0)(k) v9(k)]. In a similar manner, we also have

[E + EOK) + 7Dm)]B,,(k.k)) =

= 1 (e K + TPV Ok KD + 7D+ 1) Thy (koK) = 1 {6 (e KO + D)0 Ok K

+ 7 P(m + 1)]},8m+1(kx,k§),) - ta{v(_o)*(kx,k?, + Wq)m)uio)[kx,kg + 7P(m - 1)]}am_l(kx,k(y))
— 10 (ko k) + 7om)u Ok k) + O (m = 1) B,, (K, k7). (21)

When 7,=0, these equations reduce to

0 0
[E - EO(k) + m®m)] e, (k,.k)) =0,

[E + EO(K) + 7Pm)]B,,(k.k)) =0, (22)

and the unperturbed solutions are given by
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FIG. 3. The energy spectrum for #,=0. The upper band and the

lower one correspond to the eigenstates with ¢, =1 and with S,
=1, respectively. We show the case of £=0.05.

E=EOK)+ 7®m), a,(k.k)=1, B,(k.k)=0,
(23)

and

E=-EOK)+ 7®m), a,(k.k)=0, B,lk.k)=1,
(24)

which reproduce Egs. (16) and (17), respectively. In the
present basis, a(k) and B(k) describe the upper (E>0) and
lower (E<0) bands, respectively. The energy spectrum for
t,=0 is shown in Fig. 3.

In Egs. (19) and (21), the terms proportional to 7, give
couplings between the momenta k, and k,+ w®. So, if we
set ®=p/g with coprime integers p and ¢ (¢>0), then in
general gaps open when E)(k,)=E©)(k;) with

k,,=k;+w<3>t, ky ==k, + . (25)
: q

Here s is an integer, and k, and k| couple by |t|th-order
perturbation. The size of the gap is an order of tL’. If 5 is
chosen appropriately, k, is set between 0 and 7, and k, for
the rth gap from the bottom can be chosen as

r
ky= (Z)W, (26)

where r is an integer with 1 =r=2¢g-1. [Gaps with 1=r
=g-1 open in the lower band (E<0), and those with ¢
+1=r=2g-1 open in the upper band (E>0). A gap at E
=0 corresponds to r=g, but it closes when £— 0 for a weak
t,-] Eliminating k, and k)', from Eqgs. (25) and (26), we have
the Diophantine equation

r=qs,+pi, (27)

where we have written the subscript r since ¢ and s depend
on r implicitly as a solution of Eq. (27).

We can also derive formula (3) in the perturbation theory.
For brevity, we derive it only for gaps in the upper band
(E>0). The same formula can be obtained for gaps in the
lower band (E<0) in a similar manner. The wave function in
the upper band (E>0) is simply given by

PHYSICAL REVIEW B 78, 235322 (2008)

{u(kx,k(y))l . {uio)(kx,kg + 7whm)
v(kx,kg) = anlkoky) vio)(kx,k;) + whm)
y luio)(kx,k;) + wpm') }
v Ok kD + mpm’) |

} + @, (k. k)

(28)

where m=m'+t and we take OSk?,< m/q. The gaps are at
k;),=0 and 7/2q. Write a,,=a and a,, =b, then an effective
Schrodinger equation is given by

ot
e Tl e

where € and E are measured from the middle of the gap,
namely,

E=EOk)+ wdm), (30)

and k(y):O for even r or 7/2q for odd r. Here the k, depen-
dence of the off-diagonal elements of the matrix in Eq. (29)
is determined by Egs. (16), (17), and (19), and the parameter
7 is a real number and on the order of ta". The solutions of
Eq. (29) are

E.=\Né+ 7

>

e e o
b, \2E.(E,-e|(E,—ee™ |’

and

a | 1 n

When €/ || — o, these solutions behave as

sgn 1 [ __ [ 0
{“*]_,[g K 1. _.kt}, (33)
b, 0 | | — e "

and when /|75 — -,

a 0| [a] [sen

b, s o] o
For the upper edges of rth band, we take solution (32) with
t=t,. Asymptotic behaviors (33) and (34) imply that as kg

passes O (for even r) or 7/2¢q (for odd r), the wave function
changes from

[u(kx,kfb
v(k.ky)

S

[ uﬁf))(kx,k(y) + pm)

|0 (ke kg + mﬁm)} B9

|-

to

[u(kx, K0) ] | Wk )

. (36
vk,.k) _Uio)(kx,k2+w¢m’)1 (36)

Moreover for the lower edge of rth band, we take solution
(31) with t=t,_;, then we have asymptotic behaviors of the
wave function in a similar manner. On the overlap in the
center of the band, these wave functions are related to each
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FIG. 4. An upper edge U, and a lower one U, of a band. They
overlap in the regions I and II.

other by transition functions; see Fig. 4. On the overlap I in
Fig. 4, wave function (35) is identified with

u(k,, k2) O (k, k) + )
0 =S8gn 7 (o) 0 (37)
v(kx,ky) . v, (kx,ky + whm)

by a trivial transition function, e"?=1, and on the overlap II,
Eq. (36) is identified with

|:M(kx’k8 ] iy 1[uﬁro)(kx,/’c(v) + wpm’) } (38)
y =e X'r— -
v(k,, kg) . ? kx,kg + wpm")

by the transition function

eio(kx) —_ eikx(z,—z,,l)' (39)
Now let us calculate the contribution of the rth band to
the Hall conductance,

2
e’ 1
O.(r) -

0
= f f dkxdky[vkxA(k)]z. (40)

Here the integration of Eq. (40) is performed on the first
magnetic Brillouin zone, and A (k) is defined as

A(k) =—ilu"(k)Viu(k) + v (k) Vo k)], (41)

where [u(k),v(k)] is the wave function for the rth band con-
structed above. For the present purpose, it is convenient to
consider the rectangle region given by —m=k, < and 0
Sk2<277/ g, which is equivalent to a pair of the first mag-
netic Brillouin zone. Performing the integral in Eq. (40) in
this region and dividing it by 2, we have
» 62 1 T 2mlq o
oy == i B dkxf0 di[Ve X AK)],.  (42)

From the Stokes theorem, one can show that only transition
function (39) in the center of the band contributes to this
integral. Thus we obtain

2
%m—ma(%>

) 62 1 T
o= = dkd,6(k) X 2=—
: hdm)_.

[The factor 2 arises because we have transition function (39)
twice in the integral region of Eq. (42).] When the Fermi
surface is in the rth gap from the bottom, we have formula
),

. ’ 62
o= E o) =— ;t,. (44)

Xy Xy
r'=1
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E©)

FIG. 5. Intermediate states for a gap at k,=(r/2q)m with r=¢g
+4p in fourth-order perturbation. The states dm and «,,_,,_4 TEpIeE-
sented by solid circles are mixed by the perturbation. Open circles
represent intermediate states.

B. Hall conductance and the Diophantine equation

Let us now determine the Hall conductance. As we
showed above, the Hall conductance in units of —e?/h,
namely ¢,, satisfies the Diophantine equation. By combining
with the perturbation theory, the Diophantine equation en-
ables us to determine the Hall conductance algebraically.

Before giving a rule to determine the Hall conductance,
we briefly summarize the properties of the Diophantine
equation which we shall use later. First, the Diophantine
equation has an infinite number of solutions. If we have a
solution (s,,,) for a given r, then (s,—Ip,t,+Iq) for any in-
teger [ is also a solution. Second, the minimal value of |z,
among the solutions satisfies |t,| <¢g/2. We denote a solution
with the minimal |z,| by (s°,7°). Third, except when ¢ is an
even integer and |t,|=¢/2, (s°,#) is uniquely determined.
When |7,|=¢/2, we have two solutions, =+ ¢/2.

As we denoted in Sec. Il A, |¢,| is an order of the pertur-
bation. So one naively expects that the size of the rth gap
from the bottom and its Hall conductance are given by its
minimal value 7. But this is not always correct. The reason
why is that if an intermediate state in the |t(r)|th-0rder pertur-
bation has the momentum k with A¥)(k)=0 [namely, k with
ky=m/2 (mod m)], then the transition amplitude becomes
zero. For example, let us consider a gap at k,=(r/2q)m with
r=q+4p. (We assume that ¢> p.) In this case, the minimal
value of || is given by t,=4, so a naive expectation is that
the gap opens in fourth-order perturbation. In Fig. 5, we
illustrate intermediate states. As seen there, we have to pass
through either «,,_, or B,_, as an intermediate state, and
both of them have k,=/2. From Egs. (19) and (21), the
transition amplitude to the intermediate state a,,_, is propor-
tional to

0Ok k) + 7D (m — 2)] = A<°>*<kx,§> (45)
and that from ,,_, is proportional to
u@Thk§+w¢On—ﬂ]“Am”G%§)’ (46)

and both of them are zero since A(k)=0 at k,=r/2. So the
matrix element between «,, and «,,_, vanishes. As a result,
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no gap opens in the fourth-order perturbation. The gap opens
in a higher-order perturbation.

Now let us derive a condition where the transition ampli-
tude in |t°|th order perturbatlon vanishes. Wlthout losing
generality we can assume that t # 0 since t becomes zero
only for a gap at E=0, which closes when §—>O We also
assume that |r°| #¢/2. The case of |f’|=¢g/2 is discussed

later. Consider the mixing between k, and k| with

— L 1/ 1_7 0 _ ’ 0
ky= <2q)77, ky=k,+ W(q)t,, ky=—ky+ s,.
(47)

There are || -1 intermediate states, and since k, and k/ are
given by

(3>£, (48)

n ™ m(p 0
k=—0+—<—>t—21, 49
S5t J (1, =20 (49)

where

for t(,) >0

1 1,2 -1 (50}
T l-1-2,....%41 for <.

If k” in Eq. (49) becomes /2 (mod ), then the transition
amphtude in the |t0|th order perturbation vanishes. In order
for K] to be /2 (mod ),

(3)09—20 (51)
q

must be an integer at least. Moreover to satisfy this t9—21 is
needed to be a multiple of ¢ since p and g are coprime
integers. But because t(r) satisfies

q

=20 =r| =
2’

(52)

this is possible only when ’—~2/=0. Thus > must be even.
Furthermore, s(r) must be odd in order for k'y’ to be /2
(mod ) since k =(m/ 2)s when 7, 9=2]. Therefore only when
t is an even 1nteger and so is an odd one does the transition
amphtude vanish. Otherw1se we have a nonzero transition
amphtude in the |t |th-order perturbatlon in general.

When t is an even integer and s is an odd one, a nonzero
transition amplltude is obtained in the next leading order.

The next minimum value of |¢,| is given by
(53)
The intermediate states in this order have momenta

(P,
2(q>(tr 2D

n ™
ky = Esr +

PHYSICAL REVIEW B 78, 235322 (2008)

Ty 7T(’f)(z‘j—zn, (54)
2\q

with 5,=5"+p (s,=s"=p) for °>0 (*<0) and

—1,-2,....0~g+1 for >0
I= N . (55)
1,2,...,t,+qg—1 for 7, <O.

This k| cannot be /2 (mod 7). In order for k] to be /2
(mod 77) 2/2—1 must be a multlple of ¢ but this cannot be
met from the restriction 0< 10/2-1]<gq.

Now we summarize a procedure to determine the Hall
conductance for the rth gap from under a magnetic field ®
=p/q. (1) First, find a solution of the Diophantine equation,
(s2,1%), which satisfies || =<g/2. (2) Then if £ is an even
integer and s? is an odd one, the Hall conductance is given
by

2
—;(t(r)—q) for >0
Oy = ) (56)
€0 0
- ;(tr +q) for ¢, <O.

0
The size of the gap is an order of tg_‘t". (3) For the other
cases, the Hall conductance is given by

2
o= (57)

Xy r

and the size of the gap is an order of tlt?l.

Finally, let us discuss the case of |r)|=¢/2. This is pos-
sible only when ¢ is even and only for gaps with r=¢/2 or
r=3¢q/2. Although we have two solutions of the Diophantine
equation, 7,=*¢/2, the Hall conductance is determined
uniquely if ¢/2 is an even integer. Since p is odd when g is
even it can be shown that one of these solutions has an odd
s and the other has an even s . So from the argument above,
1t is found that if ¢/2 is an even number, the solution with an
odd s” has vanishing transition amplitude in the (¢/2)th per-
turbation. Thus the Hall conductance is given by the solution
2 with an even s".

When ¢/2 is an odd number, both of the solutions with
t?: * ¢/2 have nonzero transition amplitudes. For ¢g=2, the
gap closes since the transition amplitudes of these solutions
are the same up to a phase and cancel each other at some k,,
but for the other case [namely, ¢g=2(2n+1) with integers n],
a gap opens and the Hall conductance is given by t(,) with a
larger amplitude, which cannot be determined algebraically.

C. Gap structure and unconventional Hall conductance in a
weak magnetic field

Let us now examine the Hall conductance for the weak 7,
case in a weak magnetic field. Consider the r(=g¢s,+pt,)th
gap from the bottom. Since r satisfies 0<r<2gq, t, is re-
stricted to
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- (C_]>sr< 1, < (Z_Sr)<z)
p p

So if 5,=3 or s,=-1, |t,| is bounded from below by (g/p).
In these cases, the size of the gap O(ILt"|) becomes zero in a
weak magnetic-field limit, (p/g) — 0. Therefore, visible gaps
in a weak magnetic field are possible only for the following
three classes of r: (a) r=pt, (1,=1,2,...), (b) r=2q+pt, (t,
=-1,-2,...),and (¢c) r=q+pt, (t,=*1,%2,...).

In the case of (a), we have (s?,t?):(O,n) if we set f,=n

with 0<n<g/2. Since s(r) is even, the Hall conductance for
r=pnth gap from below is given by

(58)

62

O'Xy=—;n (n=1,2,...). (59)
Thus the conventional quantization holds in this case. These
gaps are near the bottom of the spectrum. In a similar man-
ner, it can be shown that gaps in class (b) also show the
conventional quantization for the Hall conductance. Namely,
the Hall conductance for the gap with r=2g—pn’ (0<n’
<q/2) is given by

82

(Txyzzn’ (n'=1,2,...). (60)
These gaps are seen near the top of the spectrum.

For visible gaps in class (c), we have the unconventional
Hall conductance. If we set t,=n" with |[n"|<q/2, we have
an odd s? [(s?,t?):(l ,n")]. Thus we have a visible gap only
if n” is an odd number, n”"=2m+1 (m is an integer). Other-
wise, the lowest-order perturbation is an order of ¢, then the
corresponding gap is invisible in a weak magnetic-field limit.
For this class of visible gaps with r=g+p(2m+1) and [2m
+1|<g/2, we have the unconventional quantization for the
Hall conductance

2

(%:_%@m+n (m=0,%1,+2,.). (6])

These gaps are located around E=0.

IV. STRONG ¢, PHASE

Now let us consider the strong-coupling limit, #,>1. In
this limit, the upper (E>0) and the lower (E<0) parts of the
spectrum separate from each other, and both of them are
equivalent to that of the square lattice shown in Fig. 6. To see
this, consider first the case of ®=0. When ®=0, Eq. (11)

becomes
u(k) u(k)
LAtk = ’“"x][v(m} =EL(1«> }

In the leading order of the strong-coupling limit, this equa-

tion reduces to
u(k) u(k)
"t“""[v(k)] ‘E[vac)}’

thus we have two flatbands

(62)

(63)
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0 \) n'+1,m'+1

FIG. 6. The square lattice appearing in the strong #, limit of the
honeycomb lattice in Fig. 1. Here n’ =(n+m)/2 and m'=(m—-n)/2.

1|1

\'_E_—I:|’ E=t, (64)
and

Lr 1], E=-1,. (65)

V21

In order to discuss the next leading order, it is convenient to
take the following basis:

o R Y R
s R B R R N Y

In this basis, Eq. (62) is rewritten as

(0) _ A0) (0) (0)=
(i) + A% (k) 2A (k)b(k) _AT(k) J;A (k)a(k)
+t,a(k) = Ea(k),
A A0 AO ) = A0
a(k) + Mb(k) _ Ma(k)

—t1,b(k) = Eb(k), (67)

and we can neglect the mixing terms between the upper band
and the lower one in the next leading order. Therefore, we
have

0) (0=
A )+ k) = Eath),
AOK) + A (k)

. b(k) - 1,b(k) = Eb(k).

(68)
The eigenenergies of these equations are E==*(¢,
+2 cos k, cos k,). By changing variables as k;=kx+ky and
kézky—kx, they reduce to the energies of a pair of the tight-
binding models on the square lattice up to the constant shifts
+1o

E= = (t,+cos k| +cos k). (69)

Now consider the case of ®=p/q. For this purpose, we
take a different gauge for the magnetic field and consider the
following equations:
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FIG. 7. The energy spectra vs t, for ®=1/2, 1/3, and 1/4. None
of gaps closes as we make 7, stronger. The Hall conductance o,
=—(e?/h)t, for rth gap from the bottom, which is calculated alge-
braically by the method described in the text, is also shown.

i D (n+r
—-e (e n)¢n+l,m—l - ¢n+l,m+l - tu¢n,m + gwn,m = Ewn,m’
—imD
—e (4m) lpn—l,m+l - lpn—l,m—l - tuwn,m - §¢n,m = E¢n,m'
(70)
In terms of a(k) and b(k), these equations are rewritten as

’

ik}
- %[b(k{ — 27, kS) — alk] - 27D, k})]

ik
+ %[b(k[ +27®,k}) + alk| + 27D, k)] + cos Kla(k’)

—isinkb(k') +t,ak’)+ Eb(k") = Ea(k'),

PHYSICAL REVIEW B 78, 235322 (2008)

d=1/5
2) 6 — to=-1

4 ts=-2
tr=-3 - 2
te=1

FIG. 8. (a) The energy spectrum for ®=1/5. (b) A closer look at
the gap closing point in the seventh gap from the bottom. (c) The
unperturbed states and the mixing in the weak #, perturbation for
®=1/5. The states with the same symbol are related to each other
in the perturbation. The solid arrows indicate the mixing between
states. The dotted arrow indicates the mixing with vanishing ampli-
tude, which has an intermediate state with the singular momentum
ky=r/2. Integers denote ¢, for the mixing.

o !
e_’kz

2

- [b(k; — 27D, k) — alk; — 27D, kj)]
ik)

- %[b(k{ 127D,k + alk]| + 27D, k)]~ cos k|b(k')
+isinkla(k’) - 1,b(k") + éa(k') = Eb(K'), (71)

where (kj,k}) are momentum conjugate to the coordinate
(n",m'"), which are given by k|=k,+k, and ky=k,—k,. In the
leading order, we have again the two flatbands
t,alk')=Ea(k'), —t,b(k")=Ebk'), (72)
and in the next leading order, the mixing terms between the

upper band (E=t,) and the lower one (E=-f,) can be ne-
glected as
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FIG. 9. (a) The energy spectrum vs 7, for ®=2/5. (b) A closer
look at the gap closing point in the ninth gap from the bottom. (c)
The unperturbed states and the mixing in the weak #, perturbation
for ®=2/5.

!

ok )
Ta(k{ +27D, k) + Ta(k{ =27®,ky) + cos kia(k")

=(E-1,)a(k’),

gl g !
gk —ik

tky 2
= bk} +2mD.k) - %b(k{ — 27, k}) - cos kb(k')
— (E+1,)b(k"). (73)

These equations coincide with that of the tight-binding
model on the square lattice illustrated in Fig. 6 except for the
constant shift in the energies.

Using the results of the tight-binding models on the
square lattice in Refs. 17 and 23, we can determine the Hall
conductance for rth gap in the strong ¢, limit as

2

Oy =— %t(r), (74)

where ¢ is a solution of the Diophantine equation with |¢’|

=q/2. For r=¢/2 and r=3¢q/2, we cannot determine the

PHYSICAL REVIEW B 78, 235322 (2008)
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FIG. 10. The energy spectra vs ¢, for ®=1/6, 1/7, 2/7, and 3/7.
The gap closing points appear whenever the Hall conductance
[0y =—(e*/h)1,] in the weak 1, region is different from that in the
strong ¢, region.

Hall conductance algebraically since we have two solutions
t?: *q/2. The corresponding gaps in the strong-coupling
limit close, but for a strong but finite 7, they open from a
mixing between the upper band and the lower one. The Hall
conductance is given by one of the two possible values of
t,(=%¢q/2), but there is no algebraic rule to determine it.
Let us comment briefly on the Hall conductance for the
strong 7, case in a weak magnetic field. As was shown be-
fore, only three classes of gaps are visible in a weak mag-
netic field: (a) r=pt, (t,=1,2,...), (b) r=2q+pt, (t,=—1,
-2,...),and (¢c) r=qg+pt, (t,=*=1,=2,...). For these classes
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FIG. 11. (a) The energy spectrum vs 7, for ¢=1/25. Integers in
the gaps indicate 7, of the Hall conductance o-xy=—(ez/ h)t,. (b) A
closer look at gap closing points near #,=1. It is found that gap
closing points appear only when 7,> 1. The gap with #,=—15 closes
at 7,~ 1.25 (not shown).

of gaps, we have (a) ( 0) (0,n) (0<n<gq/2), (b)
(s2,%=(2,-n") (0<n’ <q/2) and (c) (s°,%)=(1,n") (|n"|
<q/2), respectively. In contrast to the weak 7, case, formula
(74) indicates that all of them show the conventionally quan-
tized Hall conductance.

V. PHASE TRANSITIONS IN INTERMEDIATE ¢, REGION
A. Topological quantum phase transitions

In the above we have calculated the Hall conductance in
two opposite limits, #,— 0 and ¢,— . The algebraic rules to
determine the Hall conductances in both limits were given,
and it was found that for gaps with even 0 and odd s’, the
Hall conductances take different values from each other. It
implies that each gap in this class closes at some 7, at least
once in order to change the corresponding topological num-
ber t,. In other words, we should have a quantum phase
transition between topological insulator phases at some ¢, if
the Fermi energy is located in a gap in this class.

In the following, we will confirm the existence of the
quantum phase transition numerically. In addition, we will
find that an unexpected topological quantum phase transition
occurs due to the Van Hove singularity.

B. Numerical studies of quantum phase transitions

Here, we will study the whole region of ¢, for a number of
cases of ®=p/q by using numerical calculations. We will

PHYSICAL REVIEW B 78, 235322 (2008)

a) ®=1/40
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FIG. 12. (a) The energy spectrum vs 7, for ¢=1/40. (b) A closer
look at gap closing points near z,=1. Integers in the gaps indicate ¢,
of the Hall conductance ,,=—(e?/h)t,. For the gap with P=11, we
have two gap closing points which are not required by the topologi-
cal difference between the weak and strong 7, limits.

find that except for a few gaps either the strong ¢, limit or the
weak 7, one explains the gap structures qualitatively and the
Hall conductance quantitatively. For a weak ¢, region, 0
<t,=1, the gap structures are the same as those in the weak
t, limit, and for a strong ¢, region, #,>2, they are the same as
those in the strong 7, limit. In the intermediate region, 1
<t,=2, we have the topological quantum phase transitions
mentioned in Sec. V A and the gap structure changes from
those in the weak 7, region to those in the strong one. From
the topological nature of the Hall conductance, these results
imply that except for a few gaps the Hall conductances in the
whole 7, region are determined algebraically by using either
those in the weak 7, region or those in the strong one.

It will be shown that the exceptional gaps appear just
beyond the Van Hove singularity at 7,=1 (namely, the Van

_®=1/50

o
0.5 '2
,l
'

-05}

FIG. 13. The energy spectrum vs f, for ¢p=1/50. Integers indi-
cate t, of the Hall conductance o, ——(ez/ h)t,.
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FIG. 14. The energy spectra of graphene (honeycomb lattice
with t,=1) with bearded edges for (a) ®=1/5, (b) $=2/5, (c) P
=1/6, (d) ®=1/7, (e) P=2/7, and (f) ®=3/7. Here k, denotes the
momentum along the edges. Edge states are seen in the energy gaps
in the spectra. The arrows in (d) indicate gaps where the number of
edge states disagrees with the Hall conductance obtained by Eqgs.
(56) and (57). Except for these gaps, we have agreement between
the numbers of edge states and the bulk Hall conductances deter-
mined by Egs. (56) and (57).

Hove singularity in graphene) or on the lower and the upper
edges of the spectrum. For some gaps in these regions, ad-
ditional topological quantum phase transitions, which are un-
expected from the analysis in the two limits, are observed. It
will be found that multiple topological quantum phase tran-
sitions occur for these gaps.

In the following we limit our calculation to 0=®=1/2
without losing generality. This is because the spectrum is
invariant under translation ® — ®+n with an integer n and
reflection about half integer values of ®. Furthermore a close
inspection of the model also shows that the spectrum is un-
changed under reflection E+« —F for a given ®=p/q.

We illustrate typical examples of energy spectra in Figs.
7-13. For ®=1/2, 1/3, and 1/4, as shown in Fig. 7, none of
the gaps closes in a finite region of #,, and a gap opens at
E=0 when #,>1. Since the Hall conductances for the un-
closed gaps remain the same when 7, changes, they can be
calculated algebraically by using the results of the weak ¢,

PHYSICAL REVIEW B 78, 235322 (2008)

limit or those of the strong one. The Hall conductances de-
termined in this manner are also shown in Fig. 7. For some
gaps, both the weak and strong 7, analyses can be used to
determine the Hall conductances, and they are found to give
consistently the same values.

For ®=1/5 and 2/5, there are gap closing points in the
energy spectra at #,~2; see Figs. 8 and 9. It is found that for
the gaps with the gap closing points, the Hall conductances
obtained in the weak 7, analysis are different from those in
the strong one. This means that the gap closing points are
required by the topological quantum phase transition de-
scribed in Sec. V A. In Figs. 8 and 9 we also illustrate inter-
mediate states in the weak 7, perturbation. One can see that
for the gaps with the gap closing points, there exists the
intermediate state with k,=* /2 (mod 7). For the other
gaps we have no intermediate states with these momenta.
Similar gap closing points are also found for ®=1/6, 1/7,
2/7, and 3/7 in Fig. 10. These gap closing points are also
required by the topological quantum phase transition. It is
shown in Fig. 10 how ¢, of the Hall conductance o,,=
—(€?/h)t, changes from the weak #, region to the strong one.

When ¢ is large (¢=7), a different kind of gap closing
points, which are not required by the topological difference
between the weak and strong 7, limits, appears for some
exceptional gaps. For example, see Fig. 12. We have two gap
closing points in the same gap where the quantum Hall con-
ductance in the weak 7, limit is the same as that in the strong
t, limit. There is no prior topological reason why the gap
should close in the intermediate 7,. The possible origin of the
additional gap closing points is the accumulation of gaps at
these singularities. For a large g, many magnetic bands are
accumulated both near the Van Hove singularity at #,=1 and
on the lower and upper edges of the spectrum, so the gaps
near the singularities become narrow and are easy to close as
the accumulation grows. Except near the singularities, we
did not observe the additional gap closing points

To illustrate the weak magnetic-field case, ® <1, we also
show the energy spectra for 1/25, 1/40, and 1/50 in Figs.
11-13. The Hall conductances for visible gaps are also
shown in these figures. It is found that in the weak 7, region
including the graphene case (r,=1), the Hall conductances
are unconventionally quantized as o,,=e*(2n+1)/h (n
=0, * 1, *=2,...) near half filling (E=0), while in the strong
t, region they are conventionally quantized as o-xv=ezn/ h
(n=0,*+1,%2,...). '

VI. GRAPHENE CASE (t,=1)
A. Hall conductance

Let us now apply our results to graphene, where 7, is
given by 1, and determine its Hall conductances. As was
shown in Sec. V B, the numerical studies strongly suggest
that for most energy regions, graphene (7,=1) is in the weak
t, phase. Except for the energy regions just beyond the Van
Hove singularities at E=* 1 (namely, the energy regions
where |E| is slightly greater than 1) or those on the lower and
upper edges of the spectrum, none of gaps closes as we
change 7, from 0 to 1, and the structure of the energy spec-
trum is qualitatively the same as that in the weak ¢, limit. In
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TABLE I. The bulk Hall conductance o)‘:;,eak [in units of —(e2/h)]
of rth gap from the bottom determined by Egs. (56) and (57), and
the corresponding edge Hall conductance 0°%° determined by
counting the edge states for (a) ®=1/5, (b) P=2/5, (c) P=1/6, (d)
d=1/7, (e) ®=2/7, and (f) ®=3/7. The edge states are counted
for t,=1. We also show the solution of the Diophantine equation
(s2,2) satisfying |°| =< g/2. Here we have shown U;v;ak and o°% for
gaps in the lower band (E<0), since those for the (2¢—r)th gap in
the upper band are the same as those for rth gap in the lower band

with opposite signs.

(a) ®=1/5

r . A

1 (0,1) 1 1

2 0.2) 2 2

3 (1,-2) 3 3

4 (1,-1) -1 -1
(b) ®=2/5

r (s(r) , t(r)) a'ivyeak oi;i,ge

1 (1,-2) 3 3

2 0,1) 1 1

3 (1,-1) -1 -1

4 0.2) 2 2
(c) P=1/6

r (s9,8° U'X.eak a'i}ige

1 (0,1) 1 1

2 (0,2) 2 2

3 (0,3) or (1,-3) 3or-3 3

4 (1.-2) 4 4

5 (1 > _1) -1 -1
(d) ®=1/7

r (s(r) , te) O'y;ak a;;i,ge

1 0,1) 1 1

2 (0,2) 2 2

3 (0,3) 3 3

4 (1,-3) -3 4

5 (1,-2) 5 5

6 (1,-1) 1 1
(e) =2/7

r (s(r) , te) O'y;ak a;;i,ge

1 (1,-3) -3 -3

2 (0,1) 1 1

3 (1,-2) 5 5

4 0.2) 2 2

5 (1,-1) -1 -1

6 (0,3) 3 3
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TABLE 1. (Continued.)
(f)y ®=3/7

r (s(r) I U}Zveak Uzgge
1 (1,-2) 5 5

2 (=1,3) 3 3

3 (0,1) 1 1

4 (1,-1) -1 -1
5 (2,-3) -3 -3
6 (0,2) 2 2

particular, if we consider the rth gap from the bottom, only
the gaps with the following three classes of r are visible in a
weak magnetic field: (a) r=pt, (1,=1,2,...), (b) r=2q+pt,
(t,=—1,-2,...), and (c) r=q+pt, (t,=*=1,*£3,£5,...).

These results indicate that even when #,=1 the perturba-
tion theory works well at least qualitatively for gaps away
from the exceptional energy regions. From the topological
nature of the Hall conductance, it implies that the Hall con-
ductances in graphene for these gaps are quantitatively the
same as those at the weak 7, limit. Namely, they are deter-
mined algebraically by the rule in Egs. (56) and (57). In
addition to the visible gaps in a weak magnetic field, this rule
also determines the Hall conductances for the subband gaps
in a strong magnetic field.

This result consistently explains the unconventional quan-
tization of the Hall conductance observed experimentally
near half filling."> Among the visible gaps in a weak mag-
netic field, only those in class (c) include the gaps near half
filling (E=0). They show the unconventional quantization of
the Hall conductance, o, =—¢t,/h (t,=*1,%3,..).

We emphasize here that our result indicates that the un-
conventional Hall conductance persists up to the Van Hove
singularities, where the Dirac-fermion description is no
longer valid. This is because none of gaps in this energy
region closes when we change 7, from O to 1. They are well
described by the weak 7, analysis, and the Hall conductance
for the visible gaps in a weak magnetic field shows the un-
conventional quantization. [Note that they belong to class (c)
above.] This anomalous behavior of the Hall conductance on
honeycomb lattice was already reported in a numerical
calculation’ but our study here establishes this analytically.
Furthermore, at the same time, it reveals why the unconven-
tional Hall conductance does not persist beyond the Van
Hove singularities. For gaps just beyond the Van Hove sin-
gularities, a gap closing point can appear when ¢, changes
from O to 1. So in general the weak ¢, analysis does not apply
to the gaps in this region and there is no reason why the
unconventional Hall conductances hold. The unconventional
quantization of the Hall conductance up the Van Hove sin-
gularities should be observed if the chemical potential can be
varied over a wide range in graphene.

B. Edge states

To confirm the results in Sec. VI A, we compare here the
bulk quantum Hall conductance obtained by the rule in Egs.
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TABLE 1II. A list of gaps where U:gge disagrees (g=11). The
edge states are counted for 7,=1. For ®=4/9 and ®=5/11, the
gaps are located on the lower and upper edges of the spectra, and
for the other cases, they are located just beyond the Van Hove
singularity. All of them are located at |E|> 1.

d r (s(r) R t?) oﬁf”ak ai;ige
1/7 4 (1,-3) 3 -4
10 (1,3) -3 4
1/8 5 (1,-3) 3 -5
11 (1,3) -3 5
1/9 6 (1,-3) 3 -6
12 (1,3) -3 6
4/9 2 (2,-4) 4 -5
16 (0,4) -4 5
111 6 (1,-5) 5 -6
16 (1,5) -5 6
511 2 (2,-4) 4 -7
20 (0.4) 4 7

(56) and (57) and the number of edge states obtained numeri-
cally for finite systems with 7#,=1. From the bulk-edge cor-
respondence in quantum Hall systems,?*~?’ these quantum
numbers should coincide with each other for gaps with no
gap closing point in the region 0 <t,= 1. In other words, the
results in Sec. VI A suggest that they should be the same
except for some gaps just beyond the Van Hove singularities
or those on the upper and lower edges in the spectrum.

To calculate the number of edge states, we consider cy-
lindrical systems with bearded edges at both ends. For all
possible ®=p/q (0<P=1/2) with 1 =g=11, the energy
spectra of these systems are obtained numerically and the
numbers of the edge states are evaluated. We also examine
the case of ®=1/25 as a weak magnetic-field case.

In Fig. 14, we illustrate the energy spectra for S=¢g=7.
Except for gaps near the singularities mentioned above, we
have excellent agreement between the number of the edge
states and the bulk Hall conductance determined by the rule
in Egs. (56) and (57). In particular, even for the subband
gaps, which become invisible in a weak magnetic field, these
two quantum numbers are found to agree with each other.
These results clearly indicate that except for gaps near the
singularities, the Hall conductances in graphene including
those for subband gaps are determined by the rule in Egs.
(56) and (57). In addition, for some gaps located just beyond
the Van Hove singularity at E=1 or those on the lower and
upper edges of the spectra, we find a disagreement between
them, which is also consistent with the analyses presented in
Sec. VI A. We also checked that the similar results hold for
all ®=p/g with g=11. We summarize the results for the
bulk Hall conductance and the edge Hall conductance in
Tables I and II.

To illustrate a weak magnetic-field case, the energy spec-
trum with bearded edges for ®=1/25 is also shown in Fig.
15. In a weak magnetic field, subband gaps are very tiny so
only the edge states for visible gaps are shown in the figure.
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d=1/25

0 ky T
FIG. 15. The energy spectrum of graphene with bearded edges
for ®=1/25. Here k, is the momentum along the edges. By count-
ing edge states, we have of.;i,ge=—(ez/h)(2n+ 1) with n=-2,
—1,0,1 near E=0. For the other regions, we have the conventional
quantization of the Hall conductance.

The unconventional quantization for the edge quantum Hall
conductance is found to persist up to the Van Hove singulari-
ties at E=*1. We also find that for gaps beyond the Van
Hove singularities the conventional quantization for the edge
quantum Hall conductance holds. The latter result suggests
that the rule in Egs. (56) and (57) is no longer valid for some
visible gaps located just beyond the Van Hove singularities.
These results are also consistent with those in Sec. VI A.

VII. CONCLUSION

In this paper, we examined quantum phase structures of a
tight-binding model on the honeycomb lattice, which are
controlled by the hopping parameter 7,. In contrast to the
square lattice, where no phase transition occurs by changing
the ratio of hopping parameters ¢,/t,, it was found that phase
transitions occur as we change 7,. In terms of the Diophan-
tine equation, we characterized the weak ¢, phase and the
strong ¢, one, and determined the Hall conductances for both
cases. We found that the weak 7, phase shows the unconven-
tional quantization of the Hall conductance in a weak mag-
netic field, although the strong 7, phase shows only the con-
ventional one. This implies the existence of quantum phase
transitions accompanying gap closing points in the interme-
diate ¢, region, which was confirmed by numerical calcula-
tions. We also found numerically that unexpected quantum
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phase transitions occur for some gaps just beyond the Van
Hove singularities at 7,=1 or those on the upper and lower
edges of the spectrum.

Using these results, we analyzed in detail the Hall con-
ductance in graphene (7,=1). Except for some gaps just be-
yond the Van Hove singularities or on the edges of the spec-
trum, the Hall conductances including those for the subband
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gaps were determined. They naturally explain the experimen-
tally observed unconventional quantization of the quantum
Hall effect in a weak magnetic field. They also predict that
the unconventional quantization persists up to the Van Hove
singularity. We also examined the edge states in graphene
and confirmed the bulk-edge correspondence in quantum
Hall effect.
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